We study almost-calibrated, O(n)-equivariant Lagrangian mean curvature flow in C n , and prove structural theorems about the Type I and Type II blowups of finite-time singularities. In particular, we prove that any Type I blowup of such a flow must be a special Lagrangian pair of transversely intersecting planes, any Type II blowup must be the Lawlor neck with the same asymptotes, and these blowups are independent of the choice of rescaling. We also give a partial classification of when singularities occur in the equivariant case, and examine the intermediate scales between the Type I and Type II models.
Introduction
In this paper, we study singularities of equivariant mean curvature flow (MCF) in C n . In particular we examine the Type I blowups (sequences of parabolic rescalings converging weakly to self-similarly shrinking solutions to the flow) and Type II blowups (sequences of rescalings with rescaling factors matching the curvature, converging smoothly to eternal solutions) of such a flow. An equivariant submanifold of C n is automatically a Lagrangian submanifold, so we are able to apply the theory of Lagrangian submanifolds and Lagrangian mean curvature flow (LMCF).
We will focus on LMCF satisfying a natural "almost-calibrated" condition on the Lagrangian angle (see Section 2 for a definition). This is the central object of the Thomas-Yau conjecture [TY02] , which states that long-time existence and convergence of such a flow is equivalent to a "stability condition", as is true for Hermitian-Yang-Mills flow. For details on the current status of this conjecture, see the survey of D. Joyce [Joy15] . The almost-calibrated condition has been shown to simplify singularities of the flow; for example M-T. Wang shows in [Wan01] that any singularity of almost-calibrated LMCF must be 'Type II', which is a lower bound on the rate of curvature blowup, and A. Neves shows in [Nev07] that a Type I blowup of such a flow must be a finite union of special Lagrangian cones. Neves also gives an example of this phenomenon in the equivariant setting, depicted in Figures 1 and 2.
The first main result from this paper, Theorem 4.8, provides a complete classification of singularities in the almost-calibrated and equivariant case. Explicitly, we prove that a Type I blowup of an equivariant, embedded and almost-calibrated LMCF with planar asymptotics is a transverse pair of planes P 1 ∪ P 2 , and the planes do not depend on the rescaling sequence. (see Figure 8 ). By planar asymptotics, we mean that outside a finite ball B R , the flow L t may be written as a graph over planes through the origin. We also provide a sufficient condition for when such a singularity occurs in Theorem 4.11. Theorem 1.1. Let L t be an almost-calibrated, connected, embedded O(n)-equivariant mean curvature flow in C n , such that the initial condition L 0 has planar asymptotics.
Then any finite-time singularity must occur at the origin. Additionally, a Type I blowup of such a singularity must be a special Lagrangian cone consisting of a transverse pair of planes P 1 ∪ P 2 with identical Lagrangian angle, and the blowup does not depend on the rescaling sequence. The profile curves of these planes intersect at an angle of π n . Additionally, if the asymptotes of the profile curve of L 0 span an angle β > π n , then a finite time singularity must occur.
A similar result for equivariant Lagrangian spheres was shown in [Via18] by C. Viana -his examples are not almost-calibrated.
It is conjectured that any Type II blowup should have the same asymptotes as a Type I blowup, i.e. the 'blowdown' of a Type II blowup should be a Type I blowup of the flow. Evidence for this is provided both by A. Savas-Halilaj and K. Smoczyk in [SHS19] , where it is shown that equivariant Lagrangian spheres develop Type II singularities with a double-density plane as the Type I blowup and the grim reaper as the Type II blowup, and by J.J.L. Velázquez in [Vel94] , in which he provides a MCF whose Type I blowup is the Simons' cone and whose Type II blowup is the unique minimal hypersurface tangent to it at infinity. Further analysis of the Velázquez example was undertaken by N. Sesum and S-H. Guo in [GS18] , including explicit estimates for the mean curvature and second fundamental form, and an examination of the intermediate scales.
Recently, B. Lambert, J. Lotay and F. Schulze proved in [LLS19] that if the blowdown of a smooth Type II blowup is a pair of transverse planes P 1 ∪ P 2 , the blowup must be the Lawlor neck, which is the minimal hypersurface with asymptotes P 1 ∪ P 2 (unique up to scaling). Therefore if the above conjecture was true we would expect by Theorem 1.1 that every type II blowup of an almost-calibrated O(n)-equivariant flow to be the Lawlor neck. We verify this explicitly.
Theorem 1.2. Let L t be an almost-calibrated, connected, embedded O(n)-equivariant mean curvature flow in C n , such that L 0 has planar asymptotics.
Then up to a translation, a Type II blowup of any finite-time singularity is the unique Lawlor neck with the same Lagrangian angle as the unique Type I blowup P 1 ∪ P 2 and max |A| 2 = 1. In particular, the asymptotes of this Type II blowup are the planes P 1 and P 2 .
We also check the 'intermediate scales', to confirm that there is no different behaviour in between the Type I and Type II scales -this is the content of Section 4.5. We prove that, using the same sequence of times as a Type II rescaling, if we use blowup factors smaller than the second fundamental form then we still obtain the blowup P 1 ∪ P 2 . Theorem 1.3. Let L t be an almost-calibrated, connected, embedded O(n)-equivariant mean curvature flow in C n , such that L 0 has planar asymptotics. Assume that L t forms a singularity at the origin at time t = 0, and let L t k ,λ k τ := λ k L t k +T +λ −2 k τ be a sequence of rescalings satisfying
where A k := max Lt k (|A|), and 0 > t k → 0 satisfies (1) for p k ≡ 0. Then for any R, ε and finite time interval I, there exists a subsequence such that L t k ,λ k τ ∩ (B R \B ε ) may be expressed as a graph over P 1 ∪ P 2 for τ ∈ I, and this graph converges in C 1;0 to 0.
The proofs of these theorems are contained in Section 4. Section 2 is devoted to preliminary material about Lagrangians, mean curvature flow and blowups of singularities, and Section 3 contains material on O(n)-equivariant submanifolds, including descriptions of the Lawlor neck and convergence theorems for sequences of equivariant submanifolds.
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Preliminaries
Let F : M m → N n be a smooth Riemannian immersion of smooth manifolds. The second fundamental form of this immersion is the normal part of the ambient covariant derivative
In local coordinates, where {ν α } is an orthonormal basis of the normal space, we have:
The mean curvature vector is defined to be the trace of the second fundamental form:
2.1. Type I Blowups. Our primary interest is in studying finite-time singularities of MCF.
The following theorem, proven in the hypersurface case by Huisken ([Hui90]), helps us to understand what happens at these singular times. In the hypersurface case, this rate has a lower bound:
so the 'best case' scenario is therefore one in which max(|A| 2 ) has a rate of increase of C
2(T −t)
for some constant C. This inspires the following definition:
Otherwise, it is a Type II singularity.
Take a flow F t : M → R n with a Type I singularity at the spacetime point (x, T ), and consider the parabolic rescaling around this point,
, which can be shown to be a mean curvature flow with time coordinate s. Taking a sequence λ i → ∞, we can use the bound on |A| to show that the flows F λ i s converge subsequentially and locally smoothly to an ancient and self-similarly shrinking mean curvature flow F ∞ s , which we call a Type I blowup of F t . Note that the blowup may depend on the sequence chosen.
If instead we have a Type II singularity, we can still perform this sequence of parabolic rescalings, and we will still have convergence to a limiting flow (a Type I blowup) in a weak sense. The limiting object is no longer smooth but a flow of rectifiable varifolds, known as a Brakke flow [Bra78] .
There are two very important tools that will help us understand the Type I blowup, namely the monotonicity formula of Huisken [Hui90] and the regularity theorem of White [Whi05] . In what follows, we will need the following modified backwards heat kernel:
Theorem 2.3 (Huisken's Monotonicity Formula). Let F t : M m → R n be a smooth solution of MCF, where F t (M ) has bounded area ratios. Then:
More generally, if f t is any smooth function with polynomial growth at infinity, then
Huisken's monotonicity formula inspires the following quantity, known as the Gaussian density, for a spacetime point X = (x 0 , t 0 ):
The monotonicity formula implies that this quantity is increasing in r. The Gaussian density is useful for controlling the curvature of our flow -this is the content of White's regularity theorem. Denote by P r (x, t) the parabolic cylinder B r (x) × (t − r 2 , t].
Theorem 2.4 (White's Regularity Theorem). There exist ε > 0, C > 0 depending on n such that if F t : M m → R n is a smooth mean curvature flow, and if
It follows from standard theory of elliptic PDEs that under the same conditions, for similar universal constants C k , sup X∈P (X 0 , r 4 )
This regularity theorem is useful for proving smooth convergence to the Type I model. If we know that the density of the limiting model is close to 1, then we can use convergence in measure to show that the density of our flows is also close to 1, and White will then imply that our curvatures are bounded, so the convergence is smooth.
2.2. Type II Blowups. The Type I blowup procedure results only in a weak flow for Type II singularities. The trick to resolving these singularities smoothly is to take a sequence of spacetime points (x i , t i ) maximising the second fundamental form A t i , and then to perform a parabolic rescaling with factor |A t i (p i )| around that point to normalise its value to 1. There is a complication however -in order to have a smooth convergence to the blowup, we need control on |A| for a period of time around t i . To achieve this, we choose a sequence of times t k ∈ [0, T − 1 k ] and points p k ∈ M such that:
(1)
Note that the second fundamental form at time t k is maximised at the point p k . It then follows from the Type II condition (see e.g. [Man11] ) that one can choose a subsequence such that:
where the last point is immediate if our manifold is compact, and otherwise must be proven. Now we rescale the flow F t , restricted to the time interval [0, T − 1 k ], parabolically with factor
These rescalings converge locally smoothly to a limiting eternal flow (see e.g. [Man11] )-a Type II blowup, and the value of |A| for this blowup takes a maximum of 1 over time and space. By the definition of the rescalings, this maximum value is achieved at the spacetime point (0, 0).
Lagrangian
Submanifolds. If we denote by J and ω the standard complex and symplectic structures on C n , ω = dx 1 ∧dy 1 + dx 2 ∧dy 2 + · · · + dx n ∧dy n , ω(X, Y ) = JX, Y , and by Ω the holomorphic volume form, given by Ω = dz 1 ∧dz 2 ∧ · · · ∧dz n , then a smooth orientable n-dimensional submanifold L is said to be Lagrangian if
It follows from a calculation (e.g [Har90] ) that Ω| L = e iθ vol L , for some multivalued function θ known as the Lagrangian angle. If {X 1 , X 2 , . . . , X n } ⊂ C n are linearly independent vectors tangent to L at a point p ∈ L, then the Lagrangian angle can be calculated (up to a multiple of π) as: θ(p) = arg(det C (X j i )).
(2)
If we ensure that vol L (X 1 , X 2 , . . . , X n ) = 1, i.e. an orientation is chosen, then the Lagrangian angle is determined modulo 2π by this method. If the Lagrangian angle is a single-valued function, then L is known as a zero-Maslov Lagrangian -this is equivalent to the Maslov class [dθ] ∈ H 1 (L) vanishing. If the Lagrangian angle takes only a single constant value, then we say L is a special Lagrangian. These are particularly interesting because they are calibrated and therefore minimal.
2.4. Lagrangian Mean Curvature Flow. The most important thing about Lagrangian submanifolds for us is that they have numerous connections with mean curvature flow, the most important of which is that mean curvature flow preserves the class of Lagrangian submanifolds (see [Smo96] for details).
Theorem 2.5. Let L t be a mean curvature flow in C n for t ∈ [0, T ), such that L 0 is a Lagrangian submanifold. Then:
• L t is a Lagrangian submanifold for all t ∈ [0, T ),
• If L 0 is zero-Maslov, then L t is zero-Maslov also, and d dt θ = ∆θ. Singularities of LMCF have been studied extensively, for example by Neves in [Nev07] and [Nev10] . The first of these papers contains two important theorems for the zero-Maslov case. Theorem A tells us that any Type I blowup of a zero-Maslov LMCF looks like a union of special Lagrangian cones:
Theorem 2.6 (Neves' Theorem A). If L 0 is a zero-Maslov class Lagrangian with bounded Lagrangian angle, then for any sequence of Type I rescaled flows (L i s ) s<0 at a singularity, with Lagrangian angle θ i s , there exist a finite set {θ 1 , . . . , θ N } and integral special Lagrangian cones {L 1 , . . . , L N } such that on passing to a subsequence, for every
where µ j , m j denote the Radon measure of the support and multiplicity of L j repectively. Furthermore, the set {θ 1 , . . . , θ N } doesn't depend on the sequence chosen.
Theorem B tells us that these cones in fact have the same Lagrangian angle, if we assume a couple of extra conditions: Almost-calibrated means that the Lagrangian angle has a range of less than π, explicitly:
It is a strengthening of zero-Maslov. Rational means that for some a ∈ R,
for λ := n i=0 x i dy i − y i dx i the Liouville form. The rational condition is a generalisation of exactness -the form λ| L being exact is precisely L being rational with a = 0.
Both of these conditions are preserved by mean curvature flow -for example preservation of 'almost-calibrated' follows from the evolution equation for θ in Theorem 2.5. See [Nev07] for a proof of preservation of rationality.
Theorem 2.7 (Neves' Theorem B). If L 0 is almost-calibrated and rational, then after passing to a subsequence of the rescaled flows L i s , with Lagrangian angle θ i s , the following holds for all R > 0 and almost all s < 0.
For any convergent subsequence (in the Radon measure sense) Σ i of connected components of B 4R (0) ∩ L i s intersecting B R (0), there exists a special Lagrangian cone L in B 2R (0) with Lagrangian angle θ such that for every f ∈ C(R) and every φ ∈ C ∞ c (B 2R (0)),
where µ and m denote the Radon measure of the support of L and the multiplicity respectively.
An important aspect of Theorem 2.7 to note is that it concerns a sequence of connected components of L i s ∩ B 4R in the Type I rescaling, which corresponds to a sequence of connected components in a shrinking ball for the original flow. To ensure that we only get one special Lagrangian in the limit, we must ensure we are only looking at a single connected component in this ball.
O(n)-Equivariant Submanifolds in C n
Throughout the remainder of this paper, we will restrict our attention to connected O(n)equivariant submanifolds in C n , i.e. submanifolds L that may be expressed as the image of a function L :
Of particular importance is that L(s, α) = −L(s, −α), implying that L has reflective symmetry through the origin. The profile curve
can therefore be chosen to have reflective symmetry across the origin -throughout we will make this choice (we can think of the profile curve as the intersection L t ∩ C×{0} n−1 , if we identify C with C×{0} n−1 ). Since we demand that the manifold L is connected, if l passes through the origin then we must have a single connected component, and if it does not, then l has two connected components γ and −γ. In the case that l passes through the origin, note that by the reflective symmetry, H = 0 there. We first prove that O(n)-equivariant submanifolds are examples of Lagrangian submanifolds, and that the Lagrangian angle is preserved under the O(n) rotations. We also show that zero-Maslov O(n)-equivariant Lagrangians cannot be compact.
Proof. We must show that ω| L ≡ 0. If we pick a local coordinate system (σ 1 , . . . , σ n−1 ) for S n−1 , the derivatives of L are given by
We can then calculate ω| L :
where for the second line we use α · ∂α ∂σ j = 0. Locally and up to a multiple of 2π, the Lagrangian angle is given by (2) to be θ(s, α) = arg(l(s)) + (n − 1) arg(l (s)).
(5)
Note that this implies the Lagrangian angle is well-defined for the profile curve l. Proof. Consider for simplicity a connected component γ of the profile curve l, which is embedded by assumption and homeomorphic to a circle. Firstly we claim that O / ∈ γ. Otherwise, we could parametrise γ by unit-speed such that
by the O(n)-equivariance. But then since γ is compact, there must exist S > 0 such that γ(S) = γ(−S), which implies that γ(S) = O. This contradicts embeddedness of γ.
Now consider the following integral:
where T (γ) is the turning number, and W O (γ) is the winding number around the origin. Since γ is embedded, it follows that T (γ) ∈ {−1, 1}, and W (γ) ∈ {T (γ), 0} (depending on whether the origin is contained in γ or not). It follows that [dθ][γ] = 0, contradicting the zero-Maslov assumption. Now since the manifold is noncompact and connected, M 1 must topologically be equivalent to R, and so by the equivariance, L ∼ = R n or R × S n−1 depending on whether the profile curve contains the origin. Since both of these have first homology generated by at most one element, rationality of L follows from the definition.
3.1. Classification of Singularity Models for O(n)-Equivariant LMCF. We would now like to characterise the O(n)-equivariant special Lagrangian cones in C n (potential Type I blowup models) and the O(n)-equivariant smooth special Lagrangians (potential Type II blowup models). Proof. The only special Lagrangian cones in C are lines through the origin, so this follows from the equivariance.
Lemma 3.4. The only O(n)-equivariant surfaces in C n with constant Lagrangian angle of θ are those with profile curves given by either lines through the origin, or the parametrisation
for B ≥ 0. In the latter case, these are known as Lawlor necks.
Proof. If a connected component γ of the profile curve is not a line through the origin, then there is an open interval on which it may be parametrised by angle, i.e. as γ(α) = r(α)e iα . Then on this interval,γ
by equation (5). Integrating this gives the expression in the statement, and since this expression is valid until the value of r diverges to ∞, the entire connected component may be parametrised in this way.
As an example, in the n = 2 case, the Lawlor neck is the hyperbola x 2 − y 2 = B.
Limits of O(n)-Equivariant
Submanifolds. When considering Type I and Type II blowups, we will be trying to understand the limit of sequences of submanifolds, L i . Since they are translations and dilations of equivariant submanifolds, they will have rotational symmetry, but the centres of rotation x i may not be the origin (though without loss of generality, we will be able to assume that x i ∈ C×{0} n−1 ). There are two possible behaviours -either |x i | stays bounded, or diverges to infinity -this will correspond to equivariance and translation invariance respectively for the limiting object. We formalise and prove these statements. Consider for the rest of this section a sequence L i of submanifolds of C n , which converge in the sense of Radon measures to a rectifiable varifold (L ∞ , m), where m is the multiplicity function of the varifold. Explicitly, for all φ ∈ C ∞ c (C n ), denoting the underlying Radon measures of L i and (L ∞ , m) by µ i and µ ∞ ,
Assume that L i is a translation of an O(n)-invariant submanifold by x i ∈ C×{0} n−1 , therefore invariant under the rotation mappings
where α ∈ S n−1 ∩ {0}×R n−1 ∼ = S n−2 is an equatorial element of S n−1 (the direction of rotation), λ ∈ R is a distance factor, and for the matrix we have used an orthogonal basis of R n starting with e 1 and α. Note that keeping α constant and varying λ creates a 1-parameter family of rotations that corresponds to the rotations of the S 1 ⊂ S n−1 containing α and e 1 . Define also the translation map
Lemma 3.5. If |x i | → ∞, then we may pass to a subsequence such that as i → ∞,
If |x i | remains bounded, then we may pass to a subsequence such that as i → ∞,
Proof. This is clear in the |x i | bounded case. If |x i | → ∞, then fixing a compact region of the domain U ⊂ S n−2 ×R×C n and taking (α, λ, y) ∈ U ,
where all convergences are uniform in U . Similarly, the derivatives converge uniformly. Since also
What kind of invariance can we deduce for (L ∞ , m) from this lemma? It is immediate that in both cases we can extract a measure-theoretic invariance -for example in the
It follows that if L ∞ is a cone smooth away from the origin, or indeed a smooth manifold, then we have invariance of the supporting set, as well as of the multiplicity function.
One of the most useful aspects of O(n)-equivariant smooth manifolds is that they are characterised by the intersection with C×{0} n−1 . In particular, it is convenient to replace the H n (Hausdorff) measure of our submanifolds and varifolds with the H 1 measure of their intersection with C×{0} n−1 . We prove that this also holds for our limiting varifold (L ∞ , m), where we use the weighted Hausdorff measure
in place of the Hausdorff measure H n . From now on, we assume that x i |x i | → e 1 = (1, 0, . . . , 0), since this may be achieved by passing to a subsequence and applying a rotation.
Lemma 3.6. Assume that the L i are as above, converging to (L ∞ , m) as Radon measures. If
and so the result follows since U was arbitrary. An identical argument works if |x i | is bounded.. Lemma 3.7. Assume that L i are as above, converging to L ∞ as Radon measures, |x i | → ∞ and x i |x i | → e 1 . Assume L ∞ is a cone, smooth away from the origin, with profile curve l ∞ in C. Then, denoting the ball of radius δ in C by B C δ , the surface area and enclosed volume of the unit sphere S n−1 ⊂ R n by ω n−1 and V n respectively, and using weighted Hausdorff measures,
Proof. By Lemmas 3.5 and 3.6, L ∞ and m are invariant under T 1 , and supported on C×R n−1 . Applying the co-area formula:
.
Finally, we show that the H 1 cross-sectional measures of the submanifolds L i converge to the H 1 measure of the limiting varifold (L ∞ , m). In the next section, this will allow us to consider the densities of the profile curve in C, instead of the densities of the n-dimensional submanifolds in C n .
Lemma 3.8. Assume that L i are as above, converging to (L ∞ , m) as Radon measures,|x i | → ∞ and x i |x i | → e 1 . Assume L ∞ is a cone, smooth away from the origin, with profile curve l ∞ in C. Then denoting the profile curves by l i ,
Define the fattened disk sets:
by Radon measure convergence and Lemma 3.5, it follows that
. But also, by rotation invariance and the co-area formula, denoting by A n−1 (r, λ) the (n − 1)dimensional Hausdorff measure of the cap of S n−1 r with polar angle of Λ |x−x i | :
and an identical inequality holds in the other direction. Since L ∞ is invariant under T 1 , it follows that
We now consider an almost-calibrated, connected, embedded O(n)-equivariant mean curvature flow in C n , which we denote L t , with profile curve l t in C. We will denote the abstract manifold by L, and the Lagrangian angle at time t by θ t . We use s ∈ R to denote the parameter along l t (note that by Lemma 3.2, l t is noncompact) and α for the equivariant angle, so that the Lagrangian is parametrised by
The values of H and |A| for this curve can be calculated to be
where k is the curvature of the profile curve, and so the flow of the profile curve, which we refer to as the equivariant flow, is
There are several parametrisations of the profile curve that will come in useful. Firstly, if u : R → R is a graph function such that out flow may be expressed as γ t (x) = (x, u t (x)), then the evolution of u t under mean curvature flow is given by
It is also often useful to parametrise in polar coordinates, γ t (s) = r t (s)e is , in which case the evolution of r t under mean curvature flow is given by
where θ is the derivative of the Lagrangian angle with respect to the angle s.
We will assume throughout that our initial condition has 'planar asymptotics'. By this, we mean that our profile curve l is graphical over one or two lines outside of some ball B R (depending on whether l passes through the origin or not), and the graph function converges smoothly to 0 at infinity. This assumption provides uniformly bounded area ratios, which are necessary to use Neves' Theorem 2.6 and 2.7, and is also key in proving preservation of embeddedness. Note that for the curve to be almost-calibrated, the angle between these lines must be ≤ 2π n .
4.1. Embeddedness. Though embeddedness does not typically hold for higher codimension MCF, it is true in our equivariant case, since we may work with the profile curve and the equivariant flow (6). However, there are a couple of complications. Firstly, the flow is noncompact, so we will have to ensure that the embeddedness may only break inside a compact region of space. This is done by showing that the asymptotes of the flow are preserved. In addition, the equation (6) becomes singular at the origin, so we must treat the possibility of embeddedness breaking there seperately. We cover these two complications first, in the following lemmas, throughout denoting the final time of embeddedness T emb and the singular time T sing .
Lemma 4.1. Let L t be a connected O(n)-equivariant mean curvature flow in C n , asymptotic to two n-planes P 1 and P 2 , and assume that T emb < ∞. Then there exists R such that L t ∩ (B R ) c may be expressed as the union of two disjoint graphs over P 1 , P 2 for t ∈ [0, T emb + ε). Proof. We work with the profile curve for simplicity. Assume that there exist a, b such that
Proof of claim. We prove the contrapositive, so assume that there exists a subsequence n k such that l tn k (a), l tn k (b) lie in the same connected component of B ε (0) for all suitable ε. Therefore, ∀x ∈ [a, b], l tn k (x) → O and so l is not immersed at T emb . Therefore T emb = T sing , and the claim is proven. We may therefore find sequences of numbers ε n and of connected components α n , β n in B εn ∩ l tn such that l tn (a) ∈ α n , l tn (b) ∈ β n . If there existed times t, s < T emb and points c = d with l t (c) = l s (d) = O, then since H = 0 at O we must have l max{s,t} (c) = l max{s,t} (d) = O, contradicting T emb being the first time of non-embeddedness. Therefore at least one of the sequences of connected components α n , β n never includes the origin -without loss of generality let it be α n . Now let a n ∈ R be the point such that p n := l tn (a n ) is the closest point in α n to the origin; note that p n → 0. Then ∂l tn ∂s (a n ), p n = 0 =⇒ p n , ν(a n ) = |p n |, so at the spacetime point (p n , t n ),
This diverges to infinity as n → ∞, and therefore, T emb = T sing .
Theorem 4.3 (Preservation of Embeddedness/Avoidance Principle). Let L t be a connected O(n)-equivariant mean curvature flow in C n , asymptotic to two n-planes P 1 and P 2 , and T emb < ∞. Then T emb = T sing . Additionally, if L t and L t are two such flows, initially disjoint and embedded and with different asymptotes, then T emb < ∞ =⇒ T emb = T sing .
Proof. We prove just preservation of embeddedness -the avoidance principle follows precisely the same argument. Assume that T emb < T sing , for a contradiction. Then we may take a sequence of points (x n , t n ) and points a n , b n ∈ R such that l tn (a n ) = l tn (b n ) = p n , where t n is a decreasing sequence converging to T emb . By Lemma 4.1, there exists R such that p n ∈ B R for all n, so passing to a subsequence there exist limits a n → a, b n → b, p n → p such that l T emb (a) = l T emb (b) = p. By Lemma 4.2, this is not the origin.
Since p is the first point of contact, we must have (at T emb ) l (a) = l (b), and so there is a unique line Λ through the origin parallel to the shared tangent space to l at p. Additionally we may take ε sufficiently small such that B ε (p) ∩ l has two connected components for t < T emb , which may be written as graphs u 1 , u 2 over Λ, with u 1 ≥ u 2 and u 1 = u 2 at a point x ∈ Λ. These graphs both satisfy the equivariant mean curvature flow equation (8).
We show that the difference v := u 1 − u 2 also satisfies a parabolic differential equation. Defining u s := su 1 + (1 − s)u 2 , we interpolate between the equations:
We may therefore apply the parabolic Harnack inequality ([Eva98], Chapter 7.1, Theorem 10) to this equation to conclude that v = 0 at some earlier time, contradicting the definition of T emb .
4.2.
The Type I Blowup. We now examine the Type I blowup. By Neves' Theorem A (Theorem 2.6), any Type I blowup of our LMCF must be a union of equivariant special Lagrangian planes, and due to a result of Mu-Tao Wang [Wan01] , almost-calibrated LMCF cannot develop Type I singularities -therefore we expect the Type I blowup to consist of more than one plane. We will show in this section that in fact it must be a pair of planes, with the same Lagrangian angle. Throughout we will use the notation L i s for a sequence of Type I rescalings, with factors λ i , and profile curves l i s . As before, we assume that L 0 is asymptotically planar, and this implies the area bound
This implies uniformly bounded area ratios for all time by Huisken's monotonicity formula, see for example [Nev07] .
The following main lemma rules out singularities of density greater than 1 for blowup sequences centered away from the centre of rotation:
Lemma 4.4. Let L i be a sequence of uniformly almost-calibrated, connected, embedded Lagrangian submanifolds in C n , with the property that L i − x i e 1 is an O(n)-equivariant submanifold of C n for a sequence x i ∈ C and e 1 = (1, 0, . . . , 0) ∈ C n . Assume that x i eventually lies outside of B d (O) for some d.
Assume further that the conclusions to Theorem 2.6 and 2.7 hold locally in B 1 for the sequence L i . Explicitly,
• There exists a finite set {θ 1 , . . . , θ M } and integral special Lagrangian cones {L 1 , . . . ,
• For any convergent sequence Σ i of connected components of B 2δ ∩ L i intersecting B δ 2 , there exists a special Lagrangian cone L with Lagrangian angle θ such that for all f ∈
Then there exists a single special Lagrangian plane P with angle θ such that for
Proof. The proof is by a density argument, a sketch of which is as follows. By the work of Section 3 that allows us to work with the profile curve, we are done if we can prove that
since we know already that the limit is a union of planes it follows that it must be a single plane. We therefore wish to estimate this density ratio. Taking a sequence of connected components of l i , which we label γ i , Theorem 2.7 gives integral convergence of the Lagrangian angle in B δ , and since the centre of O(n) symmetry x i is away from the origin, this implies a tight bound on the angle ofγ i . We then use this to show the above density bound, for sufficiently small δ. However we are not done, as there may be another, different sequence of connected components that can increase the total density further -we must rule this out.
Considering two different connected components ξ i and η i , they can either converge to the same Lagrangian angle, or a different one. If the limiting Lagrangian angle is different, then we can show that ξ i and η i must collide, perhaps in a larger ball, since the angles of their derivatives are tightly bounded around different values. On the other hand if the Lagrangian angle is the same, then we can show by embeddedness that there must be another connected component in between with different Lagrangian angle -causing a collision as before. This shows that there is in fact only one connected component to consider, and we are done.
We now fill in the details. Let B 2δ be small enough so that for i large, x i / ∈ B 2δ , and consider a sequence Σ i of connected components of L i ∩ B 2δ intersecting B δ 2 , with profile curve γ i . Theorem 2.7 tells us that there exists a special Lagrangian cone L ∞ with Radon measure µ ∞ and multiplicity m such that for
We first use this convergence to get a bound on arg(γ). If we define the following "good" and "bad" subsets of γ i ∩ B δ :
note we suppress the dependence on ε for notational clarity. Then (10) implies that Our aim is therefore to estimate H 1 (S δ (γ i )). Taking arguments with respect to the point x i and the e 1 direction, the Lagrangian angle is given by θ = (n − 1) arg(γ) + arg(γ).
Denoting b i := arg(O) (with the same convention for argument), b i converges to some b (after passing to a subsequence if necessary). Then on B δ we have the bound Figure 3 ) and therefore on S δ (γ i ), taking i sufficiently large so that |b − b i | < ε, we obtain a bound on the argument ofγ i :
Parametrise by unit speed, so thatγ i (s) = e i(λ(s)+θ−(n−1)b) for an angle function λ(s). Then equation (13) implies λ(s) ≤ ρ, and therefore
We'd like to use (14) to bound H 1 (S δ (γ i )), so we need to bound S δ (γ i )γ i (s) ds . If γ i ∩ B δ was a single connected component, this would be easy -as the integral ofγ i over B δ would then be less than 2δ by the fundamental theorem of calculus. However there may be more connected components to worry about. The following lemma demonstrates that if we widen our ball slightly, we will only have to worry about one connected component. Proof. The proof is in two steps. 1. Prove that two connected components can't have different Lagrangian angles in the limit.
2. Prove that if two connected components have the same limiting Lagrangian angle, we can find a third connected component ζ i with a different limiting Lagrangian angle.
Together, these show that we cannot have 2 connected components. Proof of 1. Due to Theorem 2.6, there is a finite number of possible limiting Lagrangian angles for these curves, {θ 1 , . . . , θ M }. These correspond bijectively to a finite number of possible limiting velocity angles
for the profile curve (c.f equation (13)) -by the almost-calibrated condition these angles are all different modulo π. Choose R large enough such that any two curves in B Rδ intersecting B δ , whose velocity angles are ε-close (outside a set of H 1 -measure ε) to different values in A, would collide inside B Rδ . Now for a contradiction, assume that, after passing to a subsequence, for all i there exist two distinct connected components η i and ξ i of l i ∩ B δ+3ε intersecting B δ whose Lagrangian angles converge to distinct values θ η and θ ξ . Now extend η i and ξ i to the connected components in B Rδ that contain them (which may be the same) -call these η i and ξ i . For sufficiently small δ we can apply the same argument as in the proof (so far) of Lemma 4.4 and show that, for sufficiently large i, (13) holds for η i and ξ i in B Rδ outside a set of H 1 -measure ε, with the angles η i and ξ i respectively. This implies that the connected components must be distinct, but by the choice of R, η i and ξ i must collide for i sufficiently large, contradicting embeddedness.
Proof of 2. Assume that (after passing to a subsequence) for all i there exist two distinct connected components η i and ξ i of l i ∩ B δ+3ε intersecting B δ , and that the Lagrangian angles of ξ, η converge to the same value θ; without loss of generality we assume that θ − (n − 1)b = 0.
We first show that ξ i must enter the ball B δ+3ε on the left-hand side and leave on the righthand side. Work with a unit-speed parametrisation,ξ(s) = e iλ(s) . Since ξ i intersects B δ , there is some s 0 such that ξ i (s 0 ) = p ∈ B δ . By connectedness, (11), for sufficiently large i and δ, ε sufficiently small. This shows that ξ i leaves the ball on the right-hand side, since p 0 must be to the left of the exit point, and less than 2ε vertically separated from it. An identical argument shows that ξ i enters on the left-hand side. The same is true for η i . Now if these were the only connected components, we have the situation depicted in Figure  4 . Since L i is connected, either A R joins to B L or B R joins to A L . In both situations, one end of the curve is then trapped in a compact region of the plane by embeddedness, which is a contradiction. Therefore there must be another connected component ζ i in B δ+3ε ; to solve the above problem it must be a curve from right to left, in the middle of ξ i and η i (see Figure 4 ). By the above argument, since ζ i does not enter on the left and leave on the right it must have a different limiting Lagrangian angle, and so the argument is complete. Now, taking δ, ε sufficiently small, we know by Lemma 4.5 that for sufficiently large i, there is only one connected component of γ i ∩ B δ+3ε that intersects B δ -call itγ i . Also for sufficiently large i, H 1 (T δ+3ε (γ i )) < ε. Using this, (13) and (14), we estimate for sufficiently large i using 
the last line follows fromρ > ρ. Finally, using this and (11) we can estimate our density ratio:
Taking δ and ε δ sufficiently small ensures that this is bounded away from 2 (By (13), cosρ = cos(ρ(δ + 2ε, ε)) = 1 + O(δ, ε) ). By Lemma 3.3, and Lemma 3.8, we must have that this density ratio converges to an integer, which due to the bound must be 1; therefore the limit of the sequence Σ i of connected components is a single plane.
Finally, Lemma 4.5 implies that there are no other connected components of l i ∩ B 2δ intersecting B δ 2 , so we have in fact proven that L i converges to a single Lagrangian plane. Now we apply Lemma 4.4 to get our main results.
Theorem 4.6. Let L t be an almost-calibrated, connected, embedded O(n)-equivariant mean curvature flow in C n with planar asymptotics, i.e. outside a finite ball B R , L 0 may be written as a union of finitely many graphs over n-planes through the origin, which decay smoothly to 0 at infinity.
Then if L t has a finite-time singularity, it must occur at the origin.
Proof. Assume for a contradiction that such a flow has a singularity away from the origin. Without loss of generality, it is at a point (ae ib , 0, . . . , 0) ∈ C×{0} n−1 , since otherwise we may just perform a rotation that leaves the flow unaffected. Note that the planar asymptotics imply uniformly bounded area ratios, and by Lemma 3.1 the flow is rational. Taking a sequence of rescalings L j s around ae ib with factor λ j , the conclusions to Theorems 2.6 and 2.7 therefore hold for almost all s. The centre of rotation for L j s is x j := −λ j ae ib , whose size diverges to ∞. We may therefore apply Lemma 4.4 to conclude that L i s converges to a density 1 Lagrangian plane for almost all s. This convergence is smooth by White regularity (Theorem 2.4) , by the following argument. Choosing a spacetime point X = (x, s), for any X ∈ P r (X) we have by Huisken monotonicity (Theorem 2.3):
where we choose r such that L i s−2r 2 converges to a density 1 Lagrangian plane. The last inequality holds since Φ integrates to 1 over a plane including X, and less than 1 on any other plane. It follows that by White regularity that the curvatures are all bounded, giving smooth convergence upon passing to a subsequence by Arzela-Ascoli.
But since the singularity is Type II we should have that the curvature of these rescalings is exploding -so this is a contradiction.
Next, we prove the uniqueness of the Type I blowup. We will need the following lemma, which gives bounds on the argument of l t .
Lemma 4.7. Let L be a connected, embedded, O(n)-equivariant Lagrangian submanifold, with planar asymptotics. Assume that the profile curve l does not contain the origin, and that L is almost-calibrated; explicitly that there exist θ and ε such that
Then for a connected component γ of l, there exists k ∈ Z such that
i.e. γ is always contained in the same cone, of angular width less than 2π n . Proof. Consider the half-line asymptotes l 1 , l 2 of the curve γ, which span an angle of less than 2π n by the almost-calibrated condition.
Assume without loss of generality that the curve is oriented so it enters C along l 1 and leaves along l 2 , with l 1 anticlockwise of l 2 (see Figure 5 ). The curve γ splits C into two disconnected components; note that the origin must be inside the larger of the two, else the reflection −γ would intersect γ, contradicting the assumption of embeddedness. Now choose the smallest k such that the half-line c 1 with angle θ n + (5+4k)π 2n + ε n is anticlockwise from arg (l 1 ) -note this implies that the half-line c 2 with angle θ n + (1+4k)π 2n − ε n is clockwise from arg (l 2 ). Now if γ intersected c 1 , consider the first time it does so and call this point p 1 . Then since the curve must pass through in a clockwise direction, it follows that
which contradicts the almost-calibrated condition. An identical argument shows that γ cannot intersect c 2 . Theorem 4.8. Let L t be an almost-calibrated, connected, embedded O(n)-equivariant mean curvature flow in C n with planar asymptotics. Then the Type I blowup of any finite-time singularity is a special Lagrangian cone consisting of a transverse pair of planes P 1 ∪ P 2 whose profile curves span an angle of π n , and does not depend on the sequence of rescalings.
Proof. We will first rule out planes with density greater than 1 in the limit, and then demonstrate that a single transverse pair of planes is the only option. We know from Theorem 4.6 that the singularity must occur at the origin, therefore the centre of rotation for L i s is O. We also know by Theorem 2.6 and Lemma 3.3 that any blowup sequence L i s converges subsequentially for almost all s to a finite number of special Lagrangian cones. Fix such an s; we suppress the subscript for clarity.
Assume that one of the limiting planes, P , has a multiplicity m > 1. Then there is a point ae ib with a < 1 4 and δ small enough such that all other planes in the blowup do not intersect B δ (ae ib ), and so
2δ → m (see Figure 5 ). Now for 2ε < δ, any sequence of connected components of L i ∩ B 2ε (ae ib ) intersecting B ε 2 (ae ib ) may be extended to a sequence of connected components of B 1 intersecting B 1 4 . These converge to a special Lagrangian in B 1 by Theorem 2.7, which must be P with some multiplicity.
It therefore follows that the conclusions to Theorems 2.6 and 2.7 apply to the flows obtained by translating ae ib to the origin and scaling by 1 δ , locally inside the ball B 1 . We may therefore apply Lemma 4.4 to the resulting sequence and conclude that m = 1. Now we show that a special Lagrangian pair of planes is the only option for the Type I blowup, working with the profile curve throughout. ξ i , η i will denote the profile curves of sequences of different connected components of L i ∩ B δ intersecting B δ 4 . We will rule out a single line in the limit, 3 or more lines in the limit, and two seperate lines coming from different connected components -meaning that the only option is a special Lagrangian pair of lines coming from a single sequence of connected components.
One unit-density line. Assume ξ i converges to a unit-density line; by White regularity (Theorem 2.4) this convergence is smooth. But then there is no curvature blowup in the Type I rescalings, and by a result of Mu-Tao Wang [Wan01] the singularity must be Type II, so this is a contradiction. Two unit-density lines from different connected components. Assume ξ i and η i converge to distinct lines. By White regularity (Theorem 2.4) they must converge smoothly to the lines in any annulus, but this means that they must intersect each other at the origin for sufficiently large i by the reflective , which is impossible since l i is embedded.
More than three unit-density lines. By White regularity (Theorem 2.4), we have smooth convergence to the Type I blowup in the annulus B δ \ B δ 4 . Take N sufficiently large, so that for i > N and inside this annulus, the profile curve l i can be expressed as a graph over the limiting lines.
Giving l i an orientation, label the first, second and third connected components of l i ∩(B δ \B δ 4 ) by γ 1 , γ 2 and γ 3 respectively (If l i has two disconnected components, we make this definition using one half of it, γ i ). By passing to a subsequence, we may assume that these curves always lie over the same limiting half-lines; we denote the limiting half-line over which γ k is a graph by c k , and the argument of c k by α k . Assume that γ 2 is clockwise from γ 1 along l i -the other case follows by an identical argument. Note that the curve l i does not pass through the origin between γ 1 and γ 2 , by considering the reflective symmetry, and so the orientations of γ 1 , γ 2 and γ 3 are towards, away from, and towards the origin respectively. (see Figure 7 ). Since γ 1 and γ 2 are part of the same connected component, the limiting Lagrangian angle must be the same, and since we also have the argument bound from Lemma 4.7 it follows that
Additionally, the curve γ 3 cannot be between γ 1 and γ 2 . If it was, the curve l i would have to leave B δ again after γ 3 between these curves by embeddedness, and since it would be part of the same connected component as γ 3 , it would make an angle of π n with it in the limit. But since the angle between c 1 and c 2 is π n , this would imply that c 3 = c 1 or c 3 = c 2 , and we have ruled out the possibility of double-density lines. It follows that
By the smooth convergence, for all ε we may take N large such that if i > N , then (keeping the orientation of the curves in mind):
Therefore, denoting the Lagrangian angle of γ i by θ i , θ 1 = arg(γ 1 ) + (n − 1) arg(γ 1 )
Taking ε sufficiently small gives a contradiction to the almost-calibrated condition. We therefore must have a single pair of lines in the limit, with the same Lagrangian angle θ. These lines must span an angle of π n , by the same argument that gave (15). Uniqueness of the Type I blowup follows from the fact that there is only one such pair of lines with Lagrangian angle θ in the cone given by Lemma 4.7, since this cone spans an angle of strictly less than 2π n . 4.3. Finite-Time Singularity. We have proven that the Type I blowup of our flow must be a pair of planes whose profile curves span an angle of π n . This is a large topological restriction which will allow us to prove a couple of theorems on when a singularity must develop.
We look at the two distinct topologies that our flow may take. One option is that the profile curve of the initial condition passes through the origin; in this case the singularity analysis implies long-time existence.
Theorem 4.9. Let L t be an almost-calibrated, embedded, connected, O(n)-equivariant mean curvature flow in C n with planar asymptotics. Assume that the profile curve of the initial condition, l 0 , passes through the origin. Then L t exists for all time.
Proof. Assume for a contradiction that there is a finite-time singularity. By Theorem 4.8, the profile curve of any Type I blowup must be a pair of lines. By White regularity, Theorem 2.4, we must have smooth convergence of the rescalings in an annulus to this pair of lines -this creates 4 'ends' for the profile curve of each rescaling on the outer boundary of the annulus. Now in any rescaling, one connected component must go through the origin -and therefore this connected component must account for opposite ends. The other two ends can only be joined if the curve is not embedded, and so we have a contradiction.
The other option is that the profile curve doesn't pass through the origin -then l t is asymptotic to 2 lines. In the paper [Nev07] , Neves exhibits examples of almost-calibrated S 1 -equivariant flows in C 2 that are of this form, and in particular studies the flow of the initial profile curve
which is given in polar form. If π > β > π 2 , this flow forms a finite-time singularity at the origin, and if π 2 > β > 0, then the flow is eternal, and flows outwards to infinity (see Figure 1 ). We generalise Neves' constructions to C n , and prove that if 2π n > β > π n for the same initial curve then the flow forms a finite-time singularity. Note that Lemma 4.7 implies that this initial condition is only almost-calibrated if β < 2π n . Lemma 4.10. If 2π n > β > π n , then the Lagrangian mean curvature flow L n t in C n with profile curve η t starting at the initial condition with profile curve η 0 forms a singularity at the origin in finite time.
Proof. The curve η t may be expressed in polar form, r t (s)e is , until a singularity forms. This can be proven using a Sturmian theorem -see [Nev07] for details.
We may then look at the evolution of the area under the curve between angles ε and β − ε, using the evolution equation (9):
Using the fact that θ t (s) = arg (r (s) + ir(s))e is + (n − 1) arg r(s)e is = ns + arg(r + ir), it follows that θ t (s) ∈ (ns, ns + π). Therefore, if π − nβ < 0, we may choose ε sufficiently small such that dA ε,t dt < 2nε + π − nβ < −C for a positive constant C. It follows that a singularity must form in finite time, and by Theorem 4.6 it must occur at the origin.
Theorem 4.11. Let L t be an almost-calibrated, connected, O(n)-equivariant mean curvature flow in C n with planar asymptotics. Assume that the profile curve of the initial condition, l 0 does not pass through the origin, and that the angle α between the asymptotes of the profile curve are strictly between π n and 2π n . Then L t forms a finite-time singularity. Proof. Working with a connected component γ of the profile curve and taking β < α, Lemma 4.7 gives us a cone that γ t remains in until a singularity forms. We may then find a scaled and rotated copy of Neves' curve η 0 that also lies in this cone, further away from γ 0 than the origin, that does not intersect it. By the avoidance principle for equivariant MCF, Theorem 4.3, under equivariant MCF these curves do not intersect until one forms a singularity. Since η t descends to the origin within the cone, γ t is also forced to the origin; here the curvature blows up and so a singularity must occur. 4.4. The Type II Blowup. In this section we analyse the Type II blowup of a singularity of our equivariant LMCF. Since by Theorem 4.9 an initial profile curve through the origin cannot form a finite-time singularity under MCF, we assume throughout this section that the profile curve l avoids the origin, and therefore consists of two connected components, γ and −γ.
We first show that any Type II blowup of an LMCF must have the same Lagrangian angle as the Type I blowup -in particular that it must be a special Lagrangian (we actually prove a slightly more general theorem, so that it can also be used for intermediate rescalings later). Lemma 3.5 will rule out the possibility of the centre of rotation becoming unbounded under the rescalings, and then with a combination of Lemma 3.5 and Lemma 3.4 we will conclude that the only possiblity for a Type II blowup is the Lawlor neck of Lemma 3.4.
Theorem 4.12. Let L t be an almost-calibrated LMCF in C n with Lagrangian angle θ t that forms a singularity at the spacetime point (O, 0). Assume that any sequence of Type I rescalings L σ i s converge as flows to the same special Lagrangian cone C, with angle θ.
and define the rescalings
where τ ∈ I and χ i ∈ L X i ,λ i τ ∩ Ω is any sequence converging to the point χ ∈ Ω.
Proof. We will be considering the following three flows:
• L t , the original LMCF • L σ i s , the Type I rescaled LMCF (σ i to be explicitly decided later) • L X i ,λ i τ , the LMCF rescaled around X i = (x i , t i ) with factor λ i . Call the Lagrangian angle of this rescaling θ i τ .
The time variables t, s, τ are related by
For a suitable choice of σ i , the result (16) can be shown using the following sequence of steps. For all ε, there exists N independent of τ, χ, (χ i ) ∞ i=1 such that ∀i ≥ N :
The idea is that we have convergence of the Type I rescalings L σ i −1 , as well as convergence of their Lagrangian angles. To change to an integral over L σ i −1 , we first change to an integral over L X i ,λ i τ , for a suitable choice of τ .
We now proceed to justify each of these steps. To prove (18), notice that |θ − θ| 2 is a subsolution to the heat equation. Also, since
for sufficiently large i. In particular, this quantity is eventually less than inf(I), so we may pick a uniform N such that for any i ≥ N ,
for all τ ∈ I. Then we can directly apply Huisken's monotonicity formula, Theorem 2.3.
The second step is now to relate the integral over the Type II rescaling to the integral over the Type I rescaling. To do this, we use the following lemma:
Lemma 4.13. If M λ s is a parabolic rescaling of the flow M t around the point (x 0 , t 0 ) with s = λ 2 (t − t 0 ), and dµ t , dµ λ s are the induced measures on M t and M λ s , then for X = (x, t),
Corollary 4.14. Under the same hypotheses, if θ t is any function on M t (and denoting by θ λ s = θ λ −2 s+t 0 the same function on the rescaling):
The second step, (19), now follows from two applications of this corollary, to relate it to the original flow at time −σ −2 i , and then to the Type I rescaled flow at time −1.
The third step is to show that we can replace our spacetime-shifted heat kernel with the stationary one at (0, 0). As long as σ i λ −1
. Then by Neves' Theorem B and the Type I blowup assumption, it follows that:
Convergence of the spacetime points σ i λ −1 i χ i + x i , σ 2 i λ −2 i τ + t i will follow if we pick our σ i correctly. For example,
will work for this step and for step 1. All stated convergences are uniform in χ i , χ and τ , since Ω and I are bounded regions. Finally, (21) follows from Theorem 2.7, just as in step (20).
In particular, −t i A 2 i → ∞ for a Type II singularity (see Section 2). Since the Type II rescalings converge smoothly to the limiting flow, and the Lagrangian angles of the Type I rescalings converge to θ by Theorem 4.8, Lemma 4.12 implies that any Type II blowup of our flow must be a special Lagrangian.
Corollary 4.15. Let L t be an almost-calibrated, connected, embedded equivariant Lagrangian MCF with Lagrangian angle θ t that forms a singularity at the spacetime point (O, 0). Assume that any sequence of Type I rescalings L σ i s converge subsequentially as flows to the same special Lagrangian cone C, with angle θ.
Then any sequence of Type II rescalings, L (x i ,t i ) τ converges subsequentially in C ∞ loc to a special Lagrangian, with Lagrangian angle θ.
We are now ready to prove that any Type II blowup of our equivariant flow must be the unique Lawlor neck with asymptotic planes P 1 ∪ P 2 .
Theorem 4.16. Let L t be an almost-calibrated, connected, embedded, O(n)-equivariant mean curvature flow in C n with planar asymptotics. Then up to a translation, a Type II blowup of any finite-time singularity is a Lawlor neck with the same Lagrangian angle as the (unique) Type I blowup P 1 ∪ P 2 , and is asymptotically planar with asymptotes P 1 and P 2 . Additionally, the Type II blowup does not depend on the rescaling sequence.
Proof. Consider a sequence of Type II rescalings, L (x i ,t i ) τ , that converge to a Type II blowup L ∞ τ . We first show that we may assume x i ∈ C×{0} n−1 , so that we may apply the theory from Section 3. Apply a sequence of rotations R i (·) centred on the origin so that R i (x i ) ∈ C×{0} n−1 , and pass to a subsequence so that this sequence of rotations converges in C ∞ to a rotation R ∞ . Then so up to a rotation we obtain the same limit if we use the sequence
Now, we know from Corollary 4.15 that the Type II blowup L ∞ τ is a special Lagrangian, i.e. a static flow with θ = θ. So we only need look at L ∞ 0 to understand the entire flow. There are now two cases to consider -either the image of the origin −A i x i (the centre of the O(n)-equivariance) remains bounded under the Type II rescalings, or |A i x i | diverges to ∞.
is a tangent direction, for any α ∈ S n−2 . In particular, ze i = (0, . . . , z, . . . , 0) is a tangent direction at every point in L ∞ 0 ∩ (C×{0} n−1 ) for all i = 1. So, if the profile curve of the Type II blowup is l ∞ 0 (s) = a(s) + ib(s),
which implies that l ∞ 0 is a straight line through the origin, and that L ∞ 0 is an n-plane. But since Type II blowups must satisfy max |A| 2 = 1, this is a contradiction.
It follows that |A i x i | remains bounded. In this case it follows from Lemma 3.5 and C ∞ locconvergence of the Type II rescalings that L ∞ 0 is an O(n)-equivariant submanifold of C n -after a translation by an element of C×{0} n−1 . Therefore by Lemma 3.4, it must be the Lawlor neck. The uniqueness follows from Lemma 4.7, as there is only one Lawlor neck with sup |A| = 1 and Lagrangian angle θ that fits in each cone. 4.5. Intermediate Blowups. Finally, we examine the behaviour between the Type I and Type II scales of a finite time singularity of our LMCF. Assume our flow forms a singularity at the space-time point (0, 0), consider a sequence of times t i → 0 from a Type II rescaling sequence (i.e. satisfying (1)), and let A i be the maximum value of the second fundamental form over L t i , as before. Let λ i ∈ R be a sequence diverging to +∞ such that
Then we define the intermediate rescalings corresponding to the sequence (t i , λ i ) as L t i ,λ i τ := λ i L t i +λ −2 i τ . Note that we need not translate the rescaling to centre on the point of highest curvature -we proved in Theorem 4.16 that the origin remains bounded along the sequence, so any convergence will be unaffected by such translations. The assumptions that δ i := λ i A i → 0 and −λ 2 i t i → ∞ are made since otherwise the resulting blowup will just be a scaling of a Type II blowup or a time-translation of a Type I blowup respectively. We prove the following:
Theorem 4.17. Let L t be an almost-calibrated, connected, embedded O(n)-equivariant mean curvature flow in C n , such that L 0 has planar asymptotics. Assume that L t forms a singularity at the origin at time t = T , with Type I blowup P 1 ∪ P 2 . Then for any R, ε and finite time interval I, there exists a subsequence such that L t i ,λ i τ ∩ (B R \B ε ) may be expressed as a graph over P 1 ∪ P 2 for τ ∈ I, and this graph converges in C 1;0 to 0.
Proof. Extend I so that it contains 0 in its interior, and pass to a subsequence so that the Type II rescalings centred at the spacetime points (O, t i ) converge smoothly to a Type II blowup. By Theorem 4.12, on the cylinder B R ×I the Lagrangian angle θ i of the intermediate rescalings is converging uniformly to a constant θ, the same value as the Lagrangian angles of the Type I and Type II blowups. For convenience we assume θ = π 2 , that the profile curve of the Type I blowup is the pair of lines at α = π 2n and α = − π 2n (and their reflections in O), and that the Type II blowup is the unique Lawlor neck with sup |A| = 1 asymptotic to these planes, as in Figure 8 (this can all be achieved by a single rotation of the plane C×{0} n−1 ).
If ε is small enough, and we take i large enough so that |θ i − π 2 | < ε, then on B R × I there is at most one intersection of each component of l i with the real axis. Denote by b i τ the sequence of intersections on the positive real axis at time τ , where it exists, and by γ i τ the component of l i τ containing b i τ . We first prove that we have the expected convergence on individual time slices.
Lemma 4.18. Fix a sequence τ i ∈ I.
• If b i τ i → 0, then for all ε, the profile curves γ i τ i parametrised by arc-length converge in C 1 on B R \B ε to the half-lines at α = π 2n and α = − π 2n . • If b i τ i → B > 0, then the profile curves γ i τ i parametrised by arc-length or by argument converge in C 1 on B R to the profile curve of the Lawlor neck, with asymptotes given by these same lines.
Proof. Throughout, we suppress the subscript τ i , as nothing depends on it.
We tackle case 2 first, so b j → B > 0. Take N large enough such that on B R ×I for j > N , |θ j − π 2 | < ε, |b j − B| < ε. Note that, close to α = 0, by the above condition on θ j , we may parametrise γ j by angle: γ j (α) = r j (α)e iα =⇒γ j = (ṙ j + ir j )e iα =⇒ṙ j = r j cot(θ j − nα), where cot : (0, π) → R. In fact, by this gradient equation, we see that it is parametrisable in this fashion for α ∈ − π 2n + ε n , π 2n − ε n .
Integrating, and using the bound on θ j : B − ε n sin π 2 + ε − nα ≤ r j (α) ≤ B + ε n sin π 2 − ε − nα .
This implies that r j − π 2n + ε n → ∞, r j − π 2n + ε n → ∞, so that on B R , the curve may be fully parametrised by angle for sufficiently large j, and so this parametrisation converges in C 1 to r ∞ = B n sin π 2 − nα , which is the Lawlor neck described in the statement of the lemma. Now assume that b j → 0. By the same method as above, we see that the curve is parametrisable by angle for the same range of α, and for this range, b j n sin π 2 + ε − nα
Since b j → 0, for each ε we may choose N large so that for j > N , r j < ε on the angle range − π 2n + ε, π 2n − ε and |θ j − π 2 | < ε on B R ×I. Therefore for j > N , the curve enters the cone Γ := {α ∈ π 2n − ε, π 2n + ε } within the ball B ε . Now we show that it remains there while in B R (an identical argument holds for the cone on the other side of the real axis, Γ := {α ∈ − π 2n − ε, − π 2n + ε }). Once the curve has entered the cone Γ, if it intersected the line α = π 2n − ε again, then at this point we would have
which is a contradiction. A similar contradiction is reached if we assume that the curve intersects the line α = π 2n + ε, therefore the curve must remain in the cone Γ once it enters. Now, parametrising the curve by arc-length so that γ j (s) = r j (s)e iα j (s) =⇒γ j = e i(θ j −(n−1)α j ) ; limiting ε → 0 shows that our curves γ j converge in C 1 away from the origin to the specified half-lines.
To finish the proof, we need to show that b i τ → 0 uniformly in I -then the above lemma will show that our intermediate rescalings converge uniformly to the pair of planes we expect.We know from the Type II convergence that b i 0 → 0 -we therefore argue that the value b i is a C 0 -Cauchy sequence as a function of time. Intuitively, the argument is that if the Lagrangian angle is converging uniformly to a constant, then the 'average' value of H also is. This puts a limit on how far the profile curve can travel between times, which prevents b i converging to two different values.
Lemma 4.19. b i τ is a C 0 -Cauchy sequence in τ , converging to 0. Proof. Assume for a contradiction that it isn't a Cauchy sequence. We know that b i 0 → 0, so this means that there exists B ∈ R + such that, on passing to a subsequence,
Take a sequence τ i ∈ I such that b i τ i = B; we assume for notational convenience that τ i is negative. Denote by u B the profile curve of the Lawlor neck intersecting the real axis at B, and by v the two half-lines, both as described in Lemma 4.18. Then by this lemma we may take N sufficiently large such that ∀i ≥ N : 
